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Abstract
Much has been learned about the nature of the

interaction of radiation with macroscopic matter by
examining scattering of an electromagnetic plane wave or
a transversely localized beam by a homogeneous dielectric
spherical particle.  It is also of both theoretical and
practical interest to understand the details of
electromagnetic scattering by a radially inhomogeneous
sphere.  In this new setting one would expect to encounter
all the various phenomena observed in scattering by a
homogeneous sphere.  But in addition one would expect
that new phenomena will occur, which are impossible for
the more specialized homogeneous sphere geometry.

1 Introduction
We here consider scattering by a generalized Luneburg

lens (GLL) of radius a whose refractive index profile is
n(r) = [2B – C (r/a)2]½ (1)

where B and C are positive or negative constants subject
to the constraint:

2B ≥ C + 1 for C > 0 and 2B ≤ C + 1 for C < 0 (2)
We chose to study this refractive index profile because

all aspects of its scattering in ray theory can be evaluated
analytically in closed form.  The light deflection problem
in ray theory is identical to that of the motion of a classical
particle [1] of energy E in a conservative central force field
whose potential energy function is

U(r) = E [C (r/a)2 + 1 – 2B] (3)
For C > 0, the force field is attractive, while for C < 0 it is

repulsive.  Thus one can use intuition obtained from
classical potential scattering to understand the light
scattering by a particle with a radially-variable refractive
index profile.

2 Luneburg Particle in Ray Theory
When C > 0 the GLL is an example of a variable-density

particle, while for C < 0 it resembles a variable-density gas
bubble in water.  The curved ray paths inside the sphere
turn out to be sections of an ellipse when C > 0, and

sections of a hyperbola when C < 0 – as shown in Figure 1
where the incident beam of light is represented by a set of
parallel rays arriving from the left of each diagram.

Figure 1 Ray tracing for p = 1 rays passing through a GLL with
(a) B = 1.5 and C = 2 and (b) B = -0.25 and C = -1.5.

When 2B = C + 1, as in both diagrams in Figure 1, the
refractive index at the particle surface smoothly merges
into that of the external medium, preventing both external
and internal reflection at the particle surface.  Thus the
only Debye series scattering mechanisms remaining are
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diffraction (a part of the Debye p = 0 term) and
transmission (p = 1).

When 2B ≠ C + 1 there is a refractive index discontinuity
at the particle surface which produces external reflection
(the remaining part of the p = 0 term) and internal
reflections (giving rise to the entire p ≥ 2 Debye series of
ray or wave interactions with the particle surface).

Figure 2 Wave theory results showing intensity as a function of
scattering angle for λ = 0.65 μm and a GLL of radius a = 10 μm
with (a) B = 1.5 and C = 2 and (b) B = -0.25 and C = -1.5.

The deflection angle Θ for p ≥ 1 was calculated in ray
theory as a function of the angle of incidence θi of an
incoming light ray.  The shape of the elliptical or
hyperbolic ray trajectories inside the sphere was also
calculated, as was the optical path length from the
entrance plane to the exit plane and the scattered intensity.
The scattering angle and optical path length were also
plotted parametrically as a function of θi to produce ray
theory time domain scattering graphs.  It was found that
for transmission in ray theory, in contrast to the case of
scattering by a homogeneous sphere where p = 1 rainbows
are impossible, one bow can occur when 2B = C + 1, and
either zero or two bows can occur when 2B ≠ C + 1.  When
this happens the first bow is of the usual type, a relative

minimum of both the deflection angle and the optical path
length as a function of θi.  The second bow, however, is a
relative maximum of both the deflection angle and optical
path length, which for various other refractive index
profiles is associated with the near-onset of the semi-
classical phenomenon of orbiting.

3 Luneburg Particle in Wave Theory
Wave theory scattering was also numerically computed

for both the transverse electric (TE) and transverse
magnetic (TM) polarization using the parallel iteration
version of the finely-stratified multi-layer sphere model [2]
for inhomogeneous-sphere Mie scattering. Figure 2 shows
results for the two conditions examined in Figure 1, but
these reveal little information about the scattering
processes, apart from the obvious forward-scattering peak
due to diffraction.

Such results can be used to construct time domain
scattering graphs produced when an incident femtosecond
duration pulse is scattered by the particle.  As shown in
Figure 3, time domain scattering effectively performs a
Debye series decomposition of the full Mie scattered
intensity by reading the interference structure between
two or more different p-value processes occurring at the
same scattering angle, without having to explicitly
evaluate the various Debye terms.

The predictions of ray theory were compared with
those of wave theory.  We found for values of B and C that
predicted either one or two p = 1 bows in ray theory, the
finely-stratified multi-layer sphere model easily
reproduced the first bow.  Its deflection angle agreed with
the Descartes angle prediction of ray theory, except for a
small Airy shift that depends on the particle size.
However, wave theory computations failed to reproduce
the second bow for those values of B and C for which it
was expected in ray theory.  We believe this is due to the
extreme narrowness of the impact parameter interval
responsible for the second ray theory bow of a GLL.
Evidence that this is the case is provided by the fact that
the finely-stratified multi-layer sphere model was easily
able to reproduce both p = 1 bows for certain other
carefully constructed monotonically decreasing refractive
index profiles when ray theory predicted that two should
occur.  In addition, yet other monotonically decreasing
refractive index profiles were found that predicted four
p = 1 bows in ray theory.  Lastly, Figure 3(a) shows that
when C > 1, the diffraction fields can be separated from all
other scattering processes in the time domain (in this case
the p = 1 transmitted portion of the fields).  This has
previously been assumed to be impossible.
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Figure 3 False-colour map showing intensity in the time
domain for λ = 0.65 μm for a GLL of radius a = 10 μm with
(a) B = 1.5 and C = 2 and (b) B = -0.25 and C = -1.5.

4 Luneburg Bubble
For the generalized Luneburg “variable density

bubble”, with -1 < C < 0 and 2B < C + 1, incident rays with
small impact parameters pass through the sphere, with the
p = 1 transmitted rays being scattered at Θ ≈ 0°.  In the
potential scattering analogy this corresponds to a particle
directly incident on a repulsive potential energy hill with
sufficient energy to cross over the top of the hill and
continue down the other side.

Figure 4 Time domain results for λ = 0.65 μm for a GLL of
radius a = 100 μm with B = 0.125 and C = -0.25.

When C < -1, incident rays with very small impact
parameters penetrate only part way into the sphere before
they are reflected back from the interior at Θ ≈ -180°.  In
the potential scattering analogy, this corresponds to a
directly incident particle not having enough energy to pass
over the top of the repulsive potential energy hill.  It
travels part way up the hill, momentarily stops, and then
travels back down in the direction it had come.  This
corresponds in wave theory to evanescent forward
propagation beginning at the total internal reflection point.

For C < 0 and 2B < C + 1, total external reflection is
predicted in ray theory to occur when:

sin(θi) ≥ (2B – C)½ (4)
The incident impact parameter interval in the vicinity of

sin(θic) = (2B – C)½ corresponds to the transition between
partial and total exterior reflection.  This is an example of a
weak external reflection caustic, which interferes with the
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transmitted field to produce a two-ray-to-one-ray
transition centered about the critical scattering angle Θc.
This effect is prominently reproduced in our wave theory
computations for -1 < C < 0.  Another interesting feature of
our time domain plots is the accumulation point of all the
p ≥ 1 Debye terms at:

Θ = -π + 2 arcsin[(2B – C)½ ] (5)
Δt = (2 a/c) [1 - (1 - 2B + C)½] (6)

where c is the speed of light in vacuum.

Figure 4 shows such an accumulation point at Θ = 90°
and Δt = 195.3 fs, which is a consequence of rays making a
number of internal reflections with near-grazing incidence
inside the sphere. [3] For C = -1 and B = 0, a weak caustic is
also produced and is centred about Θ = 90°, as shown in
Figure 5.  Lastly, Brewster angle effects were found in the
TM polarization in both the scattered intensity and the
time domain graphs.

Figure 5 Wave theory results showing intensity as a function of
scattering angle for λ = 0.65 μm for a GLL of radius a =10 μm
(blue curve) and a = 100 μm (red curve) with B = 0 and C = -1.
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